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Abstract-This paper presents the asymmetric analysis of the stress distribution arising in an
isotropic infinite slab with a symmetrically located spherical cavity under a unidirectional uniform
tension. To satisfy both boundary conditions on the surface of the slab and the surface of the cavity,
harmonic functions in rectangular and spherical coordinates are used and the double Fourier
transform is applied. The problem is reduced to the solution of infinite sets of linear equations
which are suitable for numerical solution by an iterative technique. Finally some numerical examples
are given for various values of the radius of the cavity.

l. INTRODUCTION

The problem of stress concentration has been mostly studied for infinite media. Although
there have been some investigations concerning a medium of finite thickness, these have
been mostly restricted to the axisymmetric cases, and the asymmetric problems received
little attention. In the present paper, the problem of determining the stress distribution in
a slab of an isotropic material having a spherical cavity which is subjected to unidirectional
uniform tension is considered.

The problem of stress distribution in a stretched slab of isotropic material having a
spherical cavity subjected to all-round tension has been considered by Ling (1959). This
problem was also considered by Fox (1960) and Kaufman (1958), and Ling (1969) has also
investigated the problem involving an eccentric spherical cavity. On the other hand, Atsumi
and Itou (1973) have considered the case of a transversely isotropic material. All of the
above papers are concerned with axisymmetric analysis, and the problem when the uniform
tension is unidirectional, which is more physically realistic appears not to have been
investigated. The purpose of this paper is to analyse the stresses when the tension is
unidirectional, instead of all-round. To solve the present problem, the required stress
functions are constructed by combining harmonic functions of three independent variables
in rectangular and spherical coordinates and then the Fourier transform is used.

The problem of the stress concentration in the vicinity of a spherical cavity has been
considered by Southwell (1926). For the elastic inclusion of different materials, Goodier's
work (1933) provided a detailed analysis of stress concentration. Subsequently, Sadowsky
and Sternberg (1947) derived the stress field around an ellipsoidal cavity under the plane
stress condition, and Edwards (1951) considered the specific case of a spheroidal inclusion
and cavity. We cite some more recent works which are relevant to the present problem.
Zureick (1989) and Zureick and Eubanks (1988) considered the problem of an infinite
transversely isotropic medium containing a spheroidal cavity when either asymmetric trac­
tions or displacements are prescribed on the surface of the cavity. Hadama and Kodama
(1986) obtained a solution to the problem of an elastic infinite body containing a series of
spherical cavities under tension. The axisymmetric problem regarding the stress distribution
at a spherical cavity in a circular cylinder which was first considered by Ling (1956) was
investigated for the general case of axisymmetric loading by Solyanik-Krassa (1986). Tan­
don and Weng (1986) considered the problem of stress concentration when the medium
contains finite concentrations ofinclusions, and the compressibility ofan isolated spheroidal
cavity in an isotropic medium was considered by Zimmerman (1985).
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~ SOLUTION PROCEDURE

Denote as usual the cylindricaL and spherical coordinates of a point by (r. 0.::) and
(p, ¢' if), respectively. Two coordinate systems are connected to each other by

-=pcos¢=P?t, r=psint/J p.,jl--p'. (I}

Consider an infinite slab of thickness 2h having a spherical cavity of radius I. located
symmetrically between the surfaces of the slab shown in Fig. l.

The asymmetric stress components in rectangular coordinates which satisfy the equi­
librium equations are expressed in terms of potential functions F, Z and Vl in Green and
Zerna (1968) as follows.
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In eqn (2) v is Poisson's ratio. From eqn (2), we can immediately see that in the absence of
the cavity, the basic stress functions
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Fig. t. Coordinate system.



Stress analysis of a stretched slab 2711

will produce no stresses except the uniform tension T in the x-direction. In the sequel, Tis
deleted for convenience.

Suitable potential functions for the present problem which give rise to displacement
and stress fields are

F(x,Y,z) = (;nJf {:Ow A(~'11)COSh(,z)eXP[-i(~X+l1Y)]d~dl1+,,~/-2n-1

I
x {a"P2n(tt) +a~2) cos (20)P~n(tt)}-a - [Po 2(tt) + !Q 5(tt)] cos (20), (4a)

p

Z(x,Y,z) = (2lnJf L:B(~'11)Sinh(,z)eXP[-i(~X+l1Y)]d~dl1+J/-2"-2
x {bnP 2n + I (tt) + W) cos (20)P~n+ I (tt)} - f3 ~:d3PI2(tt) - !Q i(tt)] cos (20), (4b)

p

t/J(x,y,z) = (;7iJf LW
co
C(~,l1)Cosh('z)exp[-i(~X+l1y)]d~dl1

where a, f3 and yare the constants which will be determined subsequently. In the rep­
resentation (4), the coefficients ab2), and bb2) are absent since P;;(tt) = 0, when 2 > n. Also,,= J~2+112 and Pn, P;;, p;2 and Q;; are the Legendre and the associated Legendre
functions of the first and second kind, respectively, and these functions are defined in Erdelyi
et al. (1953) as follows:

where the required expressions of the Legendre functions of the second kind in the present
work are

The boundary conditions which are to be satisfied by the stress functions are

uxz=Uyz=uzz=o on z=!l

and

(5)

(6)

We shall determine A(~, 11), B(~, 11) and C(~, 11) from the boundary conditions (5) on the
surface of the slab. The boundary condition uxz = °on z = h gives, after Fourier transform,
the following equation:
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A (~, '1)~' sinh ('h) + C (~, '1)'1' sinh ('h) +B(~, '1) {'h cosh ('h) - (1- 2v) sinh ('h)}

= - [~~,~ {Fo} +'13: ff {t/!o} +([z~ - (1-2v)J~ {Zo}l~h' (7)

where F o, Zo and t/!o are the third and fourth terms of eqns (4a), (4b) and (4c), respectively,
and ff {,} is the Fourier transform defined by,

,¥{Fo} = f f", Fo(p,¢,e)exp[i((x+'1y)]dxdy (8)

and ff {t/! o} and ff {Zo} are defined in a similar way. To evaluate integrals in eqn (8), we
continue as follows. If we take polar coordinates, defined by the equations

x = r cos e, y = r sin e

we have

ff X pm(cos¢)
-~~~-exp [i((x+'1Y)] cos (me) dx dy

--ex pn+ I

Now letting

( = ( cos u, '1 = , sin u,

the inner integral in the right-hand side of eqn (9) can be written as

f" cos (me) exp [ire cos (e - u)] de = 2nimcos (mu)Jm((r)

(10)

(11)

by Whittaker and Watson (1948). If we now make use of the integral formula found in
Erdelyi et al. (1954)

(J 2)

and the relation

m r(n+m+ I),m
p n (jJ,) =- -.---,- p n (jJ)

r(n-m+ 1)

then, eqn (9) becomes,

ff
a;; pm( ¢) Yn- I e-- Z'

.CQ n p~~~ exp [i((x+'1Y)] cos (me) dx dy = 2ni
mcos (mu) \n-=-m)!'

Similarly

(13a)
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ff OO pm(cosfj» C-1e-z\

n n+ I exp [i(~X+11Y)] sin (mB) dx dy = 2nim sin (mu) ( _ )"
-00 p n m.

Now, using the relation

Q5(cos fj» 2z
p =72'

from the analyses similar to the previous procedures, we find that

ff OO Q2(cosfj» fOOJ«(r)dr
o cos (20) exp [i(~x+11Y)]dx dy = -4nz cos (2u) _2__

-00 P 0 r

= -2nz cos (2u).

In the last equation, we have made use of the relation in Erdelyi et al. (1954)

Similarly, we have

2713

(l3b)

(14)

(15)

ff OO Q5(Cosfj»sin(20)exp[i(~X+11Y)]dxdY= -2nzsin(2u). (16)
-00 p

Next, since

Qf(cos fj» 2
p2 = - r2'

we have

ff OO Q2(cosfj»
I 2 cos (20)exp [i(eX+11Y)] dx dy = 2ncos(2u).

-00 p
(17)

Thus, if we substitute eqns (13), (14), (16) and (17) into eqn (7), we obtain one relation
connecting A«(, 11), B«(, 11) and C«(, 11) :

A(~, 11)~( sinh «(h) + B(e, 11)~gh cosh «(h) - (1-2v) sinh «(h)} + C(~, 11)11( sinh «(h)

= 2n e-\h reA' +egh+ (1- 2v)}B' +11C'] - n[{et+ (1- 2v)fJ}e cos (2u) +)'11 sin (2u)], (18)

where A', B' and C' are defined as

(l9a)

(19b)

(19c)

SAS 30: 19·1
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Similarly, the remaining two boundary conditions cr, = 0, and cr:: = 0 on z = h lead to the
following two additional equations for solving A(~, 11), B(~, 11) and C(~, 11):

A (¢, 1/)I1( sinh «(h) + B(¢, 11)1J {(h cosh «(h) - (1- 21') sinh «(h): - C (~, I])¢( sinh ((h)

=2ne ;h[IJA'+I1{(h+I-2v}B-~C]-n[[ex+(1-21'){f}11COs(2u)-,sin(2u)], (20)

A(~, 1])( cosh «(h) + B (~, 11){ (h sinh «(h) - 2( I -- v) cosh «(h) j

=2ne ;h[A'+[(h+2(l-I'J}B']. (21)

Therefore, we now have three equations, (18), (20) and (21), to solve for A(~,I7J, B(~,I!l

and C(~, 1]) in terms of A', B' and C. Thus, after solving these equations, we obtain:

2 y I

A(~, 1]) = 2(h + :~h (2(h) (- A'[ 2(h - 3+ 4v - e C;II) - 2B' {(h -- (1 - 21')(2-<21'))

+ {ex + (1- 21'){3}[(h sinh «(h) - 2(1- v) cosh «(h)] cos (2u)), (22a)

2n ( .
B(~,I1) =2--Y h -'-h-(2 Y /) 2A'+ [2(h+3--41'-e O,II)B'

~ +sm ~ 1

'. (ex+ (1-21')[i) cosh «(h) cos (2u)), (22b)

nC I)
C(~,I]) = sinh«(h)(2e ,I C+ysin(2u)). inc)

If we substitute the value of C«(, /1) from eqn (23c) into the second term of eqn (4c), we
obtain

( ·2,ln·)2 f f_.x"·f. C(~, 11) cosh «(z) exp [- i«(x+ I1Y)] d~ dl] = - ,-,In f f sin (2u)
.!. rsinh«(h)(

, (~( 2)

Ch In
,,~I (2n-2)~

+;(e ;/1-1)}COSh«(Z)eXP[-i«(X+I/y)]d¢dl/. (23)

To satisfy boundary conditions on the surface of spherical cavity, it is necessary to express
eqn (23) in spherical coordinates, and this is performed as follows. If we use eqn (10), the
first integral on the right-hand side of eqn (23) can be written as

ffx sin (2U)(211 I ..

.
. --;----;- e ,h cosh «(z) exp [-i«(x+IJY)] d¢ dl1

., smh (~h)

= if ~2ney;h. fn. cosh«(z)exp[-i(xcosu+ysinu)]sin(2u)dud(. (24)Jo smh (I"h) ,

From Whittaker and Watson (1948), we can easily obtain the following formula:

f IT cosh «(z) exp [- i(x cos u + Y sin u)] sin (2mu) du

,:,2/.;.

= ( - I )f/l2n sin (2me) k~1I (2k ~ 2m)! p2kP~k(COS¢), (m = I). (25)

Therefore, if we employ eqn (25) in eqn (23), it can be written as
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where

(27)

Therefore the stress function ljJ(x, y, z) in eqn (4c) can be expressed in spherical coordinates
as follows:

where

(29)

(30)

To express F(x, y, z) in spherical coordinates, we need the following formula:

fn cosh ((z) exp [-i((x cos u+ y sin u)] cos (2mu) du

a) ,2k

= (-l)m2n cos (2mB) k~ (2k+2m)! p2kP~7:(cos ¢), (m = 0, I). (31)

Similarly, if we use eqn (31), we can express F(x, y, z) in spherical coordinates as follows:

where

with

a) [L (2) M b(2)](2) n+kan n+k n

¢k = -n~l (2n-2)! + (2n-I)! +I1k,

(33)

(34)



2716

L
II

+ k = I'
Jo

D.-S. LEE

2k(201-3+4v-e
2(h+sinh (2(h)

dC (35)

(36)

Equations (35) and (36) contain terms which are divergent at the lower limit if (n+k) =;= O.
However, the divergence can be removed by adding (1- v)j(h and (1- 2v)(2 - 2v)j2(h to
eqns (35) and (36), respectively. These divergent terms are so-called trivial terms and do
not affect the stresses within the slab.

Now we use the following formula to express Z(x, y, z) in spherical coordinates:

fIT sinh «(z) exp [- i(x cos u+ y sin u)] cos (2mu) du

= (- I)'''2n cos (2me) .I (·.?k~fPI) 2H
/

I )' P~k"+ 1(cos cP), (m = 0, I). (38)
h.", - + +_m.

Thus eqn (4b) becomes

Z(p,cP,e) JJ(21iniP2k+l+bkP 2k 2]P2k+I(COScP)

+cos(28) I [_xl~~ __.p2k+l+bF)p2k-2]p~k+I(COScP)' (39)
k=1 (2k+3)!

where

(40)

(41)

with

(42)

(43)

(44)

To satisfy the boundary conditions on the surface of the cavity, we need stress com­
ponents in spherical coordinates in terms of F, t/J and Z. These are expressible as follows:
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(46)

(47)

1 o2F 1 of 2 0 ( OljJ) 2 oljJ 1 02Z
(J¢¢ = p2 o4J2 + Pop + p2 o4J cot 4J 08 + p2 08 + Po4J2 cos 4J

sin 4J az oZ
+2(1- v) -p- o4J +(1- 2v) cos 4J op· (48)

The stress components due to the uniform tension are denoted by superscript (1), and
when expressed in spherical coordinates, using eqns (45)-(48), are as follows:

(J~~) = iP~(cos 4J) cos (28) -1P2(COS 4J) + 1Po(COS 4J)

= ~sin2 4J(cos (28)+ I),

(J~~ = 30 s~n 4J P ~ (cos 4J) cos (28) + i sin 4J dP2(J1) /dJ1

= ~sin 4J cos 4J (cos (28) + I),

(J~~) = --6.1 ,J,P~(cos4J)sin(28) = -hin 4J sin (28),
sm,/,

(J~~ = ~ cos 2 4J(cos (28) + I).

(49a)

(49b)

(49c)

(49d)

Now, the stress components (Jpp, (Jp</J and (Jpe are all zero on the surface of the spherical
cavity, p = 2. The condition (Jpp = 0 on p = 2 gives one equation to determine an and bn ,

i.e.

f {~2k(2k-1)22k-2+ak(2k+ 1)(2k+2)2- 2k - 3
k=O (2k)!

+[ Xk-I (2k-I)(2k-4+4v)2 2k - 2+b (2k(2k+3) -2V)2-2k-IJ~
(2k-1)! k-I 4k-1

+ [(2k~ 1)! {2k(2k-l) -2-2v}22k +bk(2k+2)(2k+5-4v)2 - 2k-3J~~:~}

. P2k(COS 4J) + 1Po(cos 4J) -1P2(COS 4J) = o. (50)

Setting the coefficients of P2k(COS 4J) equal to zero, we obtain one equation for determining
an and bn :
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"-

L {anG\(n,k)+bnG2(n,k)}+akZ\(k)+bk \z2(k)+bkz 3 (k) =~bkl ~ ~()k.lh k ~ 0, (51)
11= ()

where 15 is Kronecker's delta and

(52)

(53)

with

PI = -2k(2k-I)/2,

P2 = (2k)2(2k-I)(2k-4+4v)/(4k~ 1)),2,

p, = {2k(2k~ 1)-2~2v}/(4k+3),

t j = ),2kf(2n)!(2k)\,

Zj(k) = (2k+ 1)(2k+2)/i.2"',

z2(k) = {2k(2k+3)-2v}2k/(4k~I);.2'+j,

z,(k) = (2k+ 2)(2k+ I)(2k+ 5- 4v)/(4k+ 3»), 2k+ '.

Similarly, the boundary condition (f,nj, = °on p = i, gives another equation to determine a"
and b", i.e.

,,{ c/>k (2k I) . Ok' (2k'" 'I , l XI j k . k . ,I )L. -~f '- I.' '+al +'::)/.'" - (2k~l)f.(2·-I)(2·-4+4v)r c

k=O (2k). -

+bl d(2k-I)(2k-5)+1~2vli. 21 1] .. /(4k_l)_rXI,- -{2k(2k+2)-1+ 7 v' j2k
J I L(2k+ I)! - J •

+hd2k+2)(2k+5-4v») 21'\J/(4k+3)}P;kCU)+~P;(~t)= 0, (54)

where prime indicates the differentiation with respect to the argument. If we set the
coefficients of P;I(Il) equal to zero, we obtain,

'i 1 Zj(k) z,(k)
n~o {an H j (n,k)+b"H 2(n,k)r +al (2k+ I) +b l, jl1'2(k)+bk (2k+ I) = - ~3k.J' k ~ L

(55)

where

(56)

(57)

with

q3 = - {2k(2k+2)~ I +2v}/(2k+ 1)(4k+3),

w 2(k) = -'t(2k-I)(2k-5)+I--2v}/(4k-I)j.2't-'.

Equations (51) and (55) are best solved for an and hi, by iteration.
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In an analogous way, from three boundary conditions (Jpp = (Jp<p = (Jpo = 0 on p = A,
we can obtain three equations for determining a~2), b~2) and C~2). For this purpose, we notice
that the functions appearing in the third terms of eqn (4) take the forms:

(58)

(59)

We also need the following two relations found in Erdelyi et al. (1953) concerning the
associated Legendre functions:

(2n+ 1)P';:(cos </J) cos </J = (n-m+ I)P;;'+ 1(cos </J) + (n+m)P;;'_ I (cos </J), (60)

Thus we have

dP;(cos </J) . I
d</J Sill </J = 2n+ 1 [n(n -1)P;+ I (cos </J) - (n+ 2)(n + I)P;_ I (cos </J)]. (62)

Altogether, eqns (4), (45), (49), (58), (59) and (62), and the boundary condition (Jpp = 0 on
p = Ayield the following equation:

+ }~3 cos (28{(1- sin~ </J){Ct-4Y+(5-4V){3} +{3(5-v) sin 2 </J]

+ ~sin 2 </J cos (28) = 0, (63)

where the constantsPI h r I h ••. , are given in the Appendix. The function 1jsin2 </J is singular
when </J = O. To get a regular solution over this region, we set its coefficient equal to zero.
Thus we have one relation connecting Ct, {3 and Y:

Ct+(5-4v){3-4y = o.

Next we need the following two relations:

(64)

~P;(cos </J) cos A. = 1__ {n
2
(n-l) p2 cos _ [n(n-l)(n+3)

d</J 'I' sin </J(2n+ I) 2n+3 n+2( </J) 2n+3

(n+ 1)(n+2)(n-2)]p 2( A.) (n+2)(n+ 1)2 2 } (65)
+ 2n-1 n cos 'I' - 2n-l Pn_ 2(cos </J) ,



2720

P;(COS 1»sin 1> = --; __ 1 {
sm 1>(2n+ I)

0.-5. LEE

n(n-l) 7 [

2 '} P;;+2(COS 1»+ 211+ I
11+.1

3y+6(l-v)[3}

_ (11-1)(11+3) _ (11+2)(11-2)J' 2 (11+2)(11+1) 2 1
211+3 2111 P,,(cos 1»- 211-1 Pn ,(cos 1») (66)

to use the boundary condition (f!"p 0 on p = Ato obtain another relation to determine the
unknown constants. Thus we get

I- 2k 2

(2) ]" (2) f' (k) PI f' (k (7) k) (7)+Xk Q2, (2k)! +ak 1,,21 +ak-, 22 )+bk- 2g21( +bk- 1922(k)

+W) gn(k) +CP) I h21 (k) + d2lh n<k)}P~k I (cos 1» cos (28)/sin 1>

I [2 cos 1> ' cos 1>
+-::jcos(28) - , ;;.,!2et-5i+(4-2v)[3}+-c-A;{

I. . sm 'v Slll 'V

- (J( I + v) cos 1> sin 1>] + ~ sin 1> cos 1> cos (28) = 0, (67)

where the constants P2".,., are listed in the Appendix. Again, to remove the singularity
in eqn (67), we set

2!X 5y+(4-21.')[3=0. (68)

Since the coefficient of cos 1>/sin 1> in eqn (67) is the linear combination of eqns (64) and
(68), the singular terms in eqn (67) are removed.

The condition (fl'O = 0 on p I., after using eqns (65) and (66) yields the following
equation:

sin (28) [ ,( I 2)., ]+ {2!X-5y+(4-2v)p} ---;-- - -._. +sm 1>{ - 2Y+(4-2v)p}
1. 3 sm 1> sm 3 1>

~sin 1> sin (28) = O. (69)

The singular terms in the last equation vanish since their coefficient is identically zero from
eqn (68). Now solving eqns (64) and (68) for !X and y in terms of [3, we find that

!X = (3 4v)[3, Of = 2(I-v)[3. (70)

In eqns (63), (67) and (69), as the thickness h tends to infinity, the summed terms
vanish. The coefficients of each Legendre function vanish. If we examine these terms, we
see that these terms contain aF)(k ~ 2),b}/l(k ~ I), and cl2l (k ~ 1). Thus the only remaining
coefficient is a\2). Therefore, we have from eqns (63) and (67), when h = er;
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(7Ia)

(7Ib)

and from eqn (69) we will again obtain eqn (7Ib). Solving eqns (7la) and (7lb) sim­
ultaneously for a\2) and 13, we find that

5 13 15
/I. (2) _ /I.

13 = lOv-14' al - -2(lOv-14) (72)

Therefore setting 13 = 5A 3/(lOv-14), from eqns (63), (67) and (69), we obtain the following
three equations for determining unknown coefficients a~2), b~2) and C~2J. From eqn (63), we
have

00

L {a~2)1X1 (n, k) +b~2J131 (n, k) +C~2JYl(n, k)} +aF) /11 (k) +W~ 19l1 (k)
n=l

+W)gdk)+c~2Jhl1(k)+[-IIkPll +0krl l

A2k 5v-I
+rk-1qll +rkq!2l (2k+2)! = - lOv-14 bk,b k;::: 1, (73)

and from eqn (67) we get

00

L {a~2)1X2(n, k) +WJ f32(n, k) + c~2JY2(n, k)} +a~~ li2l (k) +a~2J f22(k)
n=1

+H~2g21(k) +b~~ I g22(k)+WJg23(k) +cfl- 1h21 (k) +cFJh22 (k) + [IIk- 1P21 +IIkP22

A2k
- 2 12

+0k- 1r21 +0krn +rk- 2q21 +rk - 1q22 +rkq23] (2k)! = 15(lOv-14) bk,2, k;::: 2,

(74)

and eqn (69) yields

00

L {a~2JIX3(n, k) +W)f33(n, k) + c~2)Y3(n, k)} +aF) /31 (k) +b~~ 1931 (k)
n= I

+W)g32(k) +c~~ Ih 31 (k) +cFJhdk) + [IIkP31 +0kr31 +0k+ lr32

A2k 4
+rk- 1q31 +rkqn] (2k+2)! = - lOv-14 bk,b k;::: 1. (75)

The detailed expressions of IXb 13k and Yk (k = 1,2,3) are given in the Appendix.

3. NUMERICAL EXAMPLE

Numerical examples will be given for the various values of A. We can calculate the
stresses at any point on the slab. However, the most important one is the maximum stress
occurring at the poles of the cavity, i.e. at (p,p.) = (A., ± I). From eqns (48) and (49d), and
the value p~2J(O) = 3[(5h_z/(k-2)!], we find that
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+aF') IJ60),;, ' .. ()(})- I\' l XI
(
jl __ j ,COS ~ L )1. '_ I )'. (It +2\')(21< ~,l);

'. _1\ _i· ;', !I (0.. t j

j

I
(5b I :2 ~'I' 'I!; .

x 6 II<. _ I rcos (20) + ., L . JI .., 7 I/.
(-). J. /, I. (d\ +--), J

(5) .,
' .. 6 cos (2U)(21< -- 2)'

cos (lU) I z+Hcos (20) + I : + .; .. 7 +
/,

-+-/i(4\,- 1iJ (76)

Of interest is the limiting value of (J,!"" as the lhickness of the plate h lends to infinity.
In this case we have seen earlier thaL all the coellkienls of'. h)2' and 1']/' vanish except (N'
which is given by the second of eqns (72). To find limiting values of all and hll • we look at
eqns (50) and (54). As h ~x. all (P" and XI, tend to zero. and coet11cients of each Legendre
function in summed terms in eqns (50) and (54) vanish if k ~ 2. and these terms contain
aA(k ~ 2), and hk (k ~ I). Therefore. the only remaining coefficients are (/". ill and h", Thus.
from eqn (50) we obtain

10 8\
2a il -+ , h"

.'
I' .
J (77)

12 4(5 \'j I'

al + ~ h" = ,J..
/, ~,

On the other hand, from eqn (54) we obtain

4 2(1 -+- \')
iI I-+-

If we solve eqns (78) and (79) simultaneously for ill and h". we lind that

(78)

(79)

iii =
J,

14~ 10\"

5i. '
h, =.

II 2(14-101')
(80)

and from these values and eqn (77). we obtain

(13- 10\') .
all = -- 2(14 10\') /.

(81 )

In eqn (76), as h ~ Cf-J, all qh. </Ji21
, J./c. 1..)/' and 'P;, vanish. Thus eqn (76) reduces to

rJSf;1 = ~6a,i, s-o())'-(3--4r)h"i.'-+-(N'6/' cos(2U)+~:eos(2(})+I)
(/Hp

5(2\'-1)
-+- cos (20). (82)

10\'-14

Putting the values of d,1). all' 0 I and ho from eqns (72), (81) and (80) into eqn (82). we find

that
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(eo)_ 12 15(l-v)
(1<b4> - 14 _ lOy + 14 _ lOy cos (20).
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When () = 0 the above reduces to (27 -15v)j(l4-IOv) which is in complete agreement with
the known result which can be found in Timoshenko and Goodier (1970).

Now in eqn (76), if we substitute 1h in eqn (33) and so on, one of the double sums can
be expressed in closed form, and (14)4> can be written as follows:

+ k~O bkC2k~ I)! {Uk -2vV" -!Vk}-2 -2k-3(k+ 1)(2k+3-4V»)

+cos (2B)C~1aF) (2k~2)! {Rk+2Sk+2-2k-36(5b_2} + J, W) (2k~ 1)1

15V-12) 52
3

( [00
+lOv-14 +2(lOv_14)cos(2B) -(2-3v)Jo Jo(2,(H(hsinh«(h)

-2(I-v)cosh«(h)}d(+(2-3v) l°0 9 0(2,OCOSh«(h)d(-(l-V) Loo ho(2,Od(

where

with

3-4v )
+ -4-(-Ro+2So)+h2Uo- Vo)+(l-v)Wo ,

Rk = I'D h(2, ()(2(h-3+4v-e- 2{h) d(,

S" = Leo h(2,°de

Sk = Loo 9k(2,°de

Uk =100

h().., O{(2h 2 -(1-2v)(2-2v)} de

Vic =100
h(..l, O(2(h+3-4v-e- 2

{h) d(,

Vk = loo 9k(2, O(2(h+3-4v-e- 2{h) d(,

Wk = 100

hk(..l, 0 e-\h d(,

(83)



2724 D.-S. LEE

e (2k+ 2 cosh VO
.h()·, (,) = lZ'h-+sinh'(2(h)'

• v (2k+3).sinhVcO
gk('{, (,) = 2th+'s~h(2th)'

h(A Y) = (2k+ 2 cosh ().O
k , (, sinh «(h) .

Table I(a). Coefficients an, bn, a~'1, W' and for A= 0.1

11 an hn 11 a~21

0 -0.4563£-03 0.2173£-03 1 0.4344£-06
I -0.8694£-06 -0.9755£-10 2 -0.9850£-13
2 0.4646£-13 0.6592£-14 3 -0.1119£-16
3 0.3527£-17 0.1258£-18 4 -0.1032£-20
4 0.1600£-21 0.3310£-23 5 -0.7518£-25
5 0.5996£-26 0.1135£-27 6 -0.4110£-29
6 0.2518£-30 0.4242£- 32 7 -0.1697£-33
7 0.1075£-34 0.0000£+00 8 -0.5430£- 38

b~2'

-0.1951£-11
-0.1174£-15
-0.5140£-20
-0.5870£-25

0.1328£-28
0.1275£-32
0.6519£-37
0.2304£-41

0.7104£-09
0.7423£-13
0.5171£-17
0.3429£--21
0.1890£-25
0.8057£-30
0.2663£-34
0.6988£- 39

0. 20. I

2L-_-'-_--''--_-'-_--J.__-L-_--'

o

0
2. 08

E

I-
"-
il-

~
2.04

Table I(b). Coefficients an, hn, a~2), b~21 and C~2) for A = 0.2

11 an hn 11 a~21 b;121 C~12)

0 -0.3641£-02 0.1731£-02 1 0.1381£-04 -0.4768£-08 0.1665£-06
1 -0.2777£-04 -0.9877£-07 2 -0.4088£-09 -0.2369£-11 0.2883£-09
2 0.1904£-09 0.1070£-09 3 -0.7436£-12 -0.9662£-15 0.3214£··12
3 0.2280£-12 0.3273£-13 4 --0.1095£-14 0.2523£-18 0.3427£-15
4 0.1658£-15 0.1380£-16 5 -0.1273£-17 0.1262£-20 0.3045£-18
5 0.9955£-19 0.7575£-20 6 -0.1112£-20 0.1571£-23 0.2090£-21
6 0.6692£-22 0.4531£--23 7 -0.7333£··24 0.1206£-26 0.1111£24
7 0.4575£-25 0.0000£+00 8 -0.3751£-27 0.6629£-30 0.4680£ ..·28

Table I(c). Coefficients an, bn, a~", h;,') and c~') for i. = 0.3

11 an hn 11 a;!21 b(2) C~21
n

0 -0.1223£-01 0.5799£-02 I 0.1033£-03 -0.3066£-06 0.3616£-05
1 -0.2095£-03 -0.5612£-05 2 -0.5408£-07 -0.7124£-09 0.3389£-07
2 0.2554£-07 0.3068£--07 3 -0.4993£-09 -0.1322£-11 0.1920£-09
3 0.1451£-09 0.4764£-10 4 -0.3710£- 11 0.2581£-14 0.1047£-11
4 0.5390£- 12 0.1018£-12 5 -0.2177£-13 0.5043£-16 0.4775£-14
5 0.1640£-14 0.2828£-15 6 -0.9595£-16 0.3084£-18 0.1678£-16
6 0.5580£-17 0.8575£-18 7 -0.3196£-18 0.1186£-20 0.4556£-19
7 0.1933£-19 0.0000£+00 8 -0.8263£-21 0.3285£-23 0.9779£-22

2. 12

}.. (inches)

Fig. 2. Maximum stress versus radius of cavity.
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Fig. 3. Stress distribution around a spherical cavity A = 0.2".
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0.5

o
o 30 60 90

e (degrees)
Fig. 4. Stress distribution around a spherical cavity). = 0.3".

Table I shows the values of the coefficients an, bn, a~2), h~2) and C~2) corresponding to
v = 0.25 and h = I". Using eqn (83), we evaluated the maximum stress at (p,p.) = ()., I)
for various values of A, and these are shown graphically in Fig. 2. Figures 3 and 4 show the
stress distribution around the cavity for various values of () when A= 0.2" and), = 0.3".
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APPENDIX

The detailed expressions of !J., {3, }', f~ {.f and h are as follows:

!J.,(n.k) = [--L"'kp"+J,, , ,,/,,+1,,,,,/,,).1',,

{J,(n, k) = [- M". ,1'" +/("" ,q" + /(", ,q,,]s,!(2n--I),

i',(n,k) = rIlI",I.S,.

where

1'" = -2k(2k-I)/;.-,

qll = (2k-2)(2k--1)(2k+2)(2k-4+4v)j(4k-I)),',

ql2 = {(2k+ 1)(2k-2)-2v}j(4k+3J.

rll = 4(2k·-1 );},',

.1', = ).2k/(2n-2)1(2k+2)!,

(lI(k) = (2k+ 1)(2k+2)(}.2/d '.

{.fll(k) = {2k(2k+3)-2v}(2k-2)(4k-I)),2kC',

(/12(k) = (2k+2)(2k+3)(2k+S-4v)j(4k+3);,2kL"

hll(k) = -8(k+ 1)/2k
+J,

!J.,(n, k) = [- L,,+,_ ,1'2'- L" c'l'" +J,,+, ,q" +1"" ,,/,,+1,,+,q2J1(2n- I is"~

(l,(n,k) = [-M'd' ,1'-,-/11""1',,+/(,,,; ,,/,,+/(,,,, ,q"+K",.kq23)S,,

)',(n, k) = (1,,+, ,r" + I", ,r")s,,

where

1'" = (2k-3)2(2k-2)/(4k-3)i.'.

p" = -(2k-l)j(4k+ I).

'121 = (2k-4)(2k-3)2(2k-6+4v)2kj(4k-S)(4k-3)P.

'I" = [(1-2v)(2k-l)-(2k-2)2(2k-I)(2k+2)j(4k-l)(4k+ I)

-(2k-3)(2k+ 1){2k(2k-2) -I +2v}j(4k-3)(4k-I))/(2k+ I),

'I,) = -(2k+ I +2,,+(2k-l)(2k+2)}A'j(4k+ 1)(4k+3).

r21 = 4(2k-3)'j},',

r" = -4j(2k+ 1)(4k+ I),

.\, = iY 'j(2n~-I)!(2k)I,

f2l(k) = -2k(2k-2)(2k-3)j(4k-3)A"+ '.

fdk) = (2k+2)'(2k+ 1)j(4k+ I)A" 13.

(/2,(k) = -(2k-4)(2k-3)(2k(2k-4)+2+2v)j(4k-S)(4k-3);Y ,
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{
(2k+2-2V)(2k-I)}

gnCk) = [-2k(l-2v) + (2k-2)(2k+2) 2k(i -2v) + -(4k -1)(4k+ I)

+ (2k+ 1)2k(2k-3)(2k+3 -4v)/(4k-I)(4k- 3)]/.1.2k+',

g,,(k) = (2k+2)2(2k+3)(2k+S -4v)/(4k+ l)(4k+3)A n+ 3,

h2l (k) = -6(2k-3)/(4k-3»),2k+ "

h 22 (k) = -4(2k+2)'/(4k+ 1)A2k+',

CJ.3(n,k) = (-Ln+kP31 +In+k-,q31 +J"tkq,,)S,

f33(n, k) = ( - M n+kP3I +K,,+k_ ,q3' + K" tkq,,)S ,/(2n -I),

Y3(n,k) = (In+kr31 +IHk+ ,1'32).1'"
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P3I = -2(2k-I)/),',

q31 = -2(2k-2)(2k+2)(2k-3+2v)/(4k-l)A',

q" = -2(2k-l +2f')/(4k+3),

1'31 = {-4+2(2k-2)[ -k+ (2k-I)(2k+ 3)2k/(4k+ 1)(4k+3)+2(k-I)(k+ 1)/(4k-l)]} /A',

1'" = 2k/(4k+3),

f1/(k) = 4(k+ 1)j)2k+3,

g31 (k) = 8(k +1- v)(k-I)/(4k-I).1. 2k+',

g32(k) = 4(k+2-v)(2k+3)/(4k+3)A 2k +3
,

h3l (k) = (2k+ 1)(2k-3)(2k-2)j(4k-I).1.2k +',

hdk) = [-4+ (2k+ 3){ -2k-1 + (2k-I)(2k+ 3)/(4k+ 1)(4k+ 3)}]/),'k+3


